Abstract. Let R be a prime Noetherian PI ring, and let I be an ideal in R satisfying xI ⊆ Ix for some x in R. We prove that xI = Ix. This is obtained as a corollary of a similar more general result, where I can be taken as any finitely generated torsion-free central R-bimodule.
Introduction
It was proved in [1, Proposition 1.8] that xR ⊆ Rx implies xR = Rx for each prime Noetherian PI ring R. This result has a long history. It was proved by Frölich et al. in [6] and by Vasconcelos in [12] in special cases. It was then conjectured by Montgomery in [10] to hold in general. This was verified by Guralnick et al. in [8] for affine Noetherian prime PI rings. It was then confirmed in [1] and was also extended to a version valid for an invertible ideal.
The following extension to bimodules is our main result.
Theorem A. Let R be a prime Noetherian PI ring, and let M be a finitely generated torsion-free (from both sides) R-bimodule which is Z(R)-central. Let x in R satisfy
The next immediate corollary appears to be new.
Corollary B.
Let R be a prime Noetherian PI ring, and let I be an ideal in R satisfying xI ⊆ Ix. Then xI = Ix.
This somewhat unexpected "rigidity" result triggers the question of whether xR = Rx also holds in this case. We show at the end of this paper that this is indeed the case if R is, in addition, a maximal order.
Theorem A was partially motivated by our investigation of the Noetherian property of the I-adic ideal completion of a Noetherian PI ring, the results of which will appear elsewhere.
Proofs
Lemma 2.1. Let R be a prime PI ring, and let M be a finitely generated torsion-free left R-module. Then M is embedded in a finitely generated torsion-free Z-module, where Z = Z(R), the center of R.
Proof. By the torsion-freeness of M we identify M with R⊗
The latter is a finitely generated Z-submodule of Q(R)⊗ R M and is Z-torsion-free Let S be a central simple finite dimensional K-algebra. Then for each x ∈ S one defines the reduced norm, which we denote by det S (x), as having the properties that det S (x) ∈ K and det S (xy) = det S (x)det S (y). The notation is explained by the fact that if F is a splitting field of S, that is, S ⊗ k F ∼ = M n (F ), the n × n matrix ring over F , then det S (x) = det(x ⊗ 1), where det() stands for the standard determinant function on M n (F ). For a standard reference see [4, pp. 274 -275] .
Let B be a prime PI ring with center Z. Then Q(B) = BQ(Z) is a central simple finite dimensional Q(Z)-algebra, and by abuse of notation we write det B (x) for det Q(B) (x).
Theorem 2.3. Let S, R be PI rings, and let S M R be a bimodule. Let Z = Z(R).
Assume that:
(
1) M R is a finitely generated and torsion-free R-module, (2) S M is a finitely generated and faithful S-module, (3) R is a prime Noetherian PI ring, and S is a left Noetherian PI ring. Then A ≡ End Z (M Z ) is prime Noetherian and a finite R r -module, as well as a finite S l -module. Moreover S is right Noetherian, Q(S) exists and S M is torsionfree.
Note: Here R r = {x r |x ∈ R}, where x r is the right multiplication by x on M , and S l = {y l |y ∈ S}, where y l is the left multiplication by y on M .
Proof. By Corollary 2.2, A is a prime PI ring which contains both R r and S l . We shall consider the action of A on M on the right, implying that M is a right A-module. Also M R is finitely generated and hence M R r is finitely generated, which shows that M A is finitely generated. Also A ≡ End Z (M ) implies that M A is faithful. Therefore by the H-condition (e.g. [7, Prop. 8.7] 
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, which implies that A is a finite R r -module, and in particular A is Noetherian (from both sides) and Schelter integral over R r . Similarly
, that A S l is a right finitely generated S l -module, and since S l is right Noetherian, we get that A is also Schelter integral over S l . Now by [5] , S l is also left Noetherian and consequently S is also right Noetherian. Now since A is Schelter integral over S l , then by [2, Theorem 7 
. This shows that S l has an Artinian quotient ring and the same holds for S.
We shall next show that M A is torsion-free. It suffices to show that each
We shall first observe that Proof. Let Z = Z(R) and A = End Z (M Z ) be as in Theorem 2.3. Then B ≡ S l ·R r is a centralizing extension of both S l and R r . Moreover since by the previous theorem A is a finite S l -module as well as a finite R r -module and both are Noetherian, we conclude that B is finite over both.
Remark 2.5. The previous result suggests that SpecR ∼ = SpecR r is closely connected to SpecS ∼ = SpecS 0 ∼ = SpecS l . This seems to be new even in the finite extension case R ⊂ S.
Corollary 2.6. Let R be a prime Noetherian PI ring with center Z(R) ≡ Z. Then End Z (R) is a prime Noetherian PI ring, which is a finite R r -module as well as a finite R l -module.
Remark 2.7. This can be used to give a different proof of [1, Theorem 1.8].
The next result is our main tool in generalizing [1, Theorem 1.8].
Proposition 2.8. Let R be a prime Noetherian PI ring with center Z, and let M be an R-bimodule which is finitely generated torsion-free (from both sides). Let ϕ, ψ ∈ End
Proof. We can clearly extend ψ to End K (MK), where K = Q(Z) is the quotient field of Z. Then detψ = 0 implies that ψ has an inverse ψ
Hence 
Lemma 2.9. Let S be a central simple finite dimensional
Proof. This appears for example in [4, pp. 274-275] .
Lemma 2.10. Let R be a prime Noetherian PI ring, and let M be a Z-central Rbimodule which is finitely generated and torsion-free from both sides. Let K ≡ Q(Z) be the quotient field of Z, and let Q(R) be the quotient ring of R. Then Q(R) KM , KM Q(R) are free and rank
, we show that rankKM Q(R) = t and KM Q(R) is free.
Lemma 2.11. Let R be a prime Noetherian PI ring with center Z. Let M be a finitely generated torsion-free Z-central R-bimodule. Then for every
then the matrix representing x l ∈ End K (MK) is given by the t × t matrix:
where x l,Q is the matrix representing left multiplication by x on Q(R). Proof. We clearly may assume that x = 0. We shall next show that x ∈ C R (0). Indeed the torsion-freeness of R M implies that R M is faithful and hence xM = 0. Suppose xy = 0 for some non-zero y ∈ R. Then y ∈ r − ann R xM , a non-zero two-sided ideal in R, implying the existence of a non-zero c ∈ Z ∩ (r − ann R xM ). Hence cxM = xM c = 0 shows that cx = 0 and therefore x = 0, which was excluded. Apparently, even the next corollary seems to be new. Theorem 2.13. Let R be a prime Noetherian PI ring with xI ⊆ Ix, for some two-sided ideal I ⊆ R and x ∈ R. Then xI = Ix. Question 2.14. Is there a non-normal element x ∈ R satisfying xI = Ix, for some non-zero ideal I ⊆ R, where R is a prime Noetherian PI ring?
The next result provides a negative answer to Question 2.14 in the case where R is in addition a maximal order. A similar argument to the one appearing in Theorem 2.12, using Proposition 2.8, proves the following result. 
